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ABSTRACT

Nowadays, there exist some very well-known benchmark func-
tion sets used by researchers to test the behavior of an evolu-
tionary algorithm and to compare it to others. These func-
tions are classified using characteristics like dimensionality,
modality or separability but, typically, there is a lack of an
in depth analysis of them. Without such analysis, many
times, it is not clear why an evolutionary algorithm per-
forms better over some functions and worse over others and,
therefore, researchers focus just on how many functions are
solved and how fast they are. This is a problem for an evo-
lutionary algorithm user, who usually choose some state of
the art algorithm without being sure about the correctness
of their decision. This paper goes in the direction of es-
tablishing methods for a more in depth analysis of fitness
landscapes of benchmark functions and showing their need,
so more conclusions can be obtained about what scenarios
are adequate or inappropriate for an evolutionary algorithm.
In particular, some new features are presented to study sep-
arability and modality in more detail than generally known
and it will be shown, using three different evolutionary algo-
rithms, the need of them to understand why things happen
the way they do.
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1. INTRODUCTION

Currently, researchers in the field of Evolutionary Algo-
rithms (EAs) are very interested in competitions where new
implementations are evaluated. These competitions take
place during EA workshops and conferences, such as GE-
CCO (EvoDOP-2007) or CEC [18, 10, 20], and researchers
from different disciplines use them as a reference because of
their interest in the application of this type of algorithms
to solve their problems. Usually, these EA users perform
their algorithm selections by following the results published
in these competitions, which are typically focused on av-
erage performance measures. Once they have selected an
EA, the common procedure they follow is to tune its con-
figuration and apply it to try to solve their problem until a
successful solution is obtained [23, 13]. If its initial approach
fails, the next step is to attempt to update it with a newer
EA after consulting the literature of the topic, like authors
do in [19], probably selecting an algorithm that obtains the
best results on average and which is considered the winner
in some other competition. This selection could prove to be
completely wrong if the algorithm fails in a particular fea-
ture required for solving the specific problem the user faces.
This is a highly time-consuming and frustrating trial and
€ITOr Process.

In order to try to minimize this problem there is no doubt
that it is necessary to increase our knowledge about how
an EA behaves. One way of doing this is increasing the
detail of the analysis of the benchmark functions used to
observe the behavior of EAs. Although, the comparisons of
the algorithms are performed fairly by specifying a common
stopping criterion, problem size, initialization scheme, etc.
and even though these sets are very complete, we have de-
tected shortcomings in the way they are characterized. On
those benchmark sets the functions are usually classified into
binary classes according to their separability and modality.
The success and the performance of an EA over a function



are closely related with these two features, on the manner
on which its search strategy is adapted to the morphology
of the fitness landscape of a function. So, a finer grained
analysis of the landscapes features will allow the designer to
obtain more reliable and usable conclusions about the be-
havior of their algorithms and thus the users will be able
to choose the right algorithms for their applications more
effectively. But as we will show later in this work, the bi-
nary classification used on the competitions could produce
misleading conclusions about the performance of the EAs.
Thus, a deeper analysis the features that are relevant to de-
scribe EA behavior is necessary, as the one provided by the
competitions is very general [6].

This papers goes in this direction proposing additional
features of separability and modality to be analyzed. To
determine and test the features that are proposed here, we
have chosen a benchmark function set [5] with functions that
are commonly used in EA competitions classified according
their separability and modality. The benchmark set contains
36 scalable and non-scalable functions that allow us to study
the differences between the fitness landscapes in depth so
as to determine what makes them different and link these
differences to EA performance.

The remainder of the paper is structured as follows, Sec-
tion 2 explain the experimental procedure followed in this
work, Section 3 explains and describes the set of features
that we propose and it will be considered to analyze the be-
havior of the algorithms. In this section several examples
illustrate the importance of the deeper analysis relating the
behavior and configuration of the algorithms with the fea-
tures of the fitness landscape of the functions. Finally some
conclusions are presented in Section 4.

2. EXPERIMENTAL PROCEDURE

The main objective of this work is to analyze features like
separability and modality and how they help to explain how
an EA behaves depending on the presence of them on a func-
tion fitness landscape. As we have said in the previous sec-
tion, our work had shown that the typical binary classifica-
tion is not enough to obtain reliable conclusions about that.
In order to show that the analysis of the fitness landscape
is very useful for the study of EA behavior, three EAs were
chosen. Two of them are the winners of most of the compe-
titions: Differential Evolution (DE) [17] and the Covariance
Matrix Adaptation - Evolutionary Strategy (CMA-ES) [3].
Additionally a Real-Coded Genetic Algorithm (RCGA) [9]
is chosen as an EA reference. To analyze the behavior of
these algorithms, their parameters are set as their authors
recommend. For each algorithm-function-dimension combi-
nation, 25 independent runs were executed. The scalable
function set was analyzed considering 10, 30 and 50 dimen-
sions as is typical of EA competitions. The stop criteria
of the runs is based on the maximum number of function
evaluations (FEs) and it is set to 10000 - n, where n is the
dimension of the problem. To study the results provided
by the algorithms we have proposed the Combined Error
and Performance Measure (CPEM). It provides combined
results on the error level and the performance of the algo-
rithms at a glance. It is calculated as follows:

FFEs

E * —
FEsSmax
absolute error

if FEs < FEsmas
CPEM = naEe s Ahe (1)

otherwise

Where, ¢ is the threshold to consider that a function is
solved, in this work it has set to 107°.

All the results on tables 3 and 4 are provided in terms
of average CPEM over the 25 independent runs. In these
table the lowest CPEM value corresponds with the better
algorithm for each function.

3. FITNESS LANDSCAPE CHARACTERI-
ZATION

In this section the classification given in the benchmark
sets of the competitions [18, 10, 21, 20] are analyzed. Some
solutions for the detected problems are proposed.

3.1 Separability

Separability refers to the dependencies presented between
the parameters of a function and it is related with the biolog-
ical concept of epistasis [16, 14]. According to separability,
the competitions’ benchmark sets are usually divided into
Separable functions and Non-Separable. Separable func-
tions [12] are those where all the parameters are indepen-
dent and, as a consequence, the optimization process of an
n-dimensional Separable function (f(x) : R” — R) could
be divided into n 1-D optimization process over each param-
eter z;, where 0 < ¢ < n. Non-Separable functions [3] are
those where dependencies are present and all the parameters
should be optimized during the same process beacuse of the
relationships between them.

Two facts lead us to analyze deeper the separability of the
functions. On one hand, as a first step the three selected
algorithms were analyzed using the typical binary classifica-
tion. Figure 2(a) shows the results provided by the RCGA
implementation of this work. As shown, it is difficult to dis-
criminate what is happening with the behavior of the RCGA
in the Non-Separable function set, where functions solved
are mixed with functions not solved. On the other hand,
sometimes it is difficult to classify a function because there
is no consensus in the bibliography. For example, Ackley’s
function [1] sometimes is classified as Separable [22] and an-
other times as Non-Separable [2].

After analyzing the results of the RCGA over Non-Se-
parable functions in detail, we have realized that there are
different types of functions within this subset. It includes
functions that are separable, but not linearly, and other
functions that are Non-separable. So, we propose a different
classification in terms of separability that classifies functions
into linearly separable functions (L-Separable), non-linearly
separable functions (NL-Separable) [24] and Non-Separable
functions. On table 3 and table 4 after the name of the
functions a L, NL or N refers to L-Separable, NL-Separable
and Non-Separable functions, respectively.

To characterize an objective function in terms of these
categories is not easy, and an empirical method based on
the graphical representation of the function have been de-
veloped. The basic idea is to fix the values of n-1 param-
eters of an n parameter function and iterate the remaining
parameter between the low and the high bounds for differ-
ent values of the fixed parameters. Using the 2-D plots of
these runs and their comparative behavior, a decision on the
type of function can be made. Thus, a function is linearly
separable (L-separable) if, for different values of these n-1
parameters, it preserves the same graph shape shifted in the
y-axis (see Fig. 1(a)). Following this reasoning, non-linearly



separable functions (NL-separable hereafter) are those func-
tions with different shapes (different search space) but with
the optimum always in the same point (see Fig. 1(b)); and
non-separable functions are those with different shape and
different optimum (see Fig. 1(c)). This method allow us
to classify the functions into three different categories. It
must be highlighted the case of the Griewank function. Its
separability changes as we increase the dimensions of the
problem, being Non-Separable when we deal with 10 dimen-
sions and NL-Separable in the other two cases. This is due
the definition of the function, as the authors explain in [11]
the function becomes smoother as the dimensions increases
and it also affects to its separability.

The differences between the functions are not only from
the mathematic and analytical point of view. The behavior
and the success of an EA is closely related with the type of
separability. The process to optimize a L-Separable function
could performs over one parameter at each time. Although,
as the authors said in [24] a NL-Separable function the pa-
rameters presents non-linear dependencies between them,
the optimal value of each parameter could be obtained over
an independent optimization process independently of all
other parameters. This does not happen on Non-Separable
functions, where the goodness of a parameters depends on
the value of some other parameters of the function.

Figure 2(b) displays the behavior of the RCGA again, but
now in terms of this classification and its behavior can now
be clearly discriminated. This algorithm performs success-
fully in those functions that are separable, either linearly and
non-linearly, and its behavior degrades on Non-Separable
functions. These results are due the fact that this RCGA
implementation does not take into account the dependencies
between parameters during the optimization process. The
use of this dependencies is highly recommended over Non-
Separable functions as the CMA-ES [3] performs. This algo-
rithm approximates a covariance matrix of the function pa-
rameters representing the relationships between them. This
successful behavior could be shown in the results tables (Ta-
ble 3 and Table 4) and in the Figure 3 where the results
provided by the three algorithms over the Non-Separable
function set are shown. In this figure, it could be shown
that the results of the DE are very similar (in terms of suc-
cessful runs) than the CMA-ES results. Although the DE
does not provided a mechanism to use the dependencies be-
tween variables to generate the new individuals during the
evolutionary process, the behavior of this algorithm, as oc-
curs in every EA, is governed by several parameters. One
of them, the cross-over rate (CR), allows to determine how
many parameters changes at each generation. Low values
of CR causes few parameters changes, this is a benefit for L
and NL-Separable functions. The contrary occurs when the
CR is set to a high value, being a benefit for Non-Separable
functions. In this work the CR parameter is set to 0.1 to
L and NL-Separable functions and to 0.9 to Non-Separable
function, as the authors recommend in [15].

To sum up, separability is a feature highly used when an-
alyzing the behavior of EAs. It is closely related with the
search process carried out by the evolutionary operators. As
it was shown in this section, the classification made in pre-
vious works is sometimes confused and mix functions, such
us NL-Separable and Non-Separable, into the same group
when the behavior required to solve them is very different.
The method developed for this work allow us to analyze in
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Figure 1: 2-D representation of the three types of
separability considered

a finer grain the separability of the functions and with this
information choose the best algorithm or tune up the one
we have chose in the proper way.

3.2 Modality

The other most commonly used feature in EA competi-
tions is modality. Functions are divided into unimodal and
multimodal. A function is called unimodal if it displays a
single global optimum and no local optima. On the contrary,
multimodal functions presents several local and / or global
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Figure 3: Results provides by the three algorithms
over the Non-Separable function set.

optimum. Unimodal functions are, in general, easy to solve
by a population based algorithm, and thus are mainly used
to test the convergence speed of the algorithm.

Although it may seem that every unimodal function pre-
sents the same difficulty to every optimization algorithm,
as Fig. 4 shows the behavior of the RCGA and the DE

is different over the unimodal functions subset used in this
work. There is no way to differentiate the degree of difficult
of this type of function in the literature. In spite of the au-
thors known that a needle-in-a-haystack (NiAH) [8] or a long
path problem represent a challenge to EAs. To account for
differences between unimodal landscapes, it was necessary
to establish what landscape feature influenced the behav-
ior of the algorithms. It turned out to be the longest path
to the optimum, which is a property that is easy to mea-
sure for the different functions. To measure it a local search
method was used, the length of the path from the corners
of the landscape to the optimum value were measured in
mean number of steps after 25 runs starting at each corner
(x; = (@f,...,2)),z] € —1.0,1.0). The longest length is
chosen as a difficulty indicator, the results of its application
are shown on table 1.

In Fig. 4 the results of the DE and the RCGA over the
unimodal functions are compared. As it shows, the perfor-
mance of the RCGA gets worse as the path length increases.
The DE implementation used here is better than the RCGA
one due to its capability of dynamically adjusting the muta-
tion step size during the optimization process. The CMA-ES
implementation analyzed here also presents this capability,
as the strategy to adapt the mutation step size depends on
previous steps of the evolution. If during the last genera-
tions the mutations step performs on the same direction it
is increased to cover the same distance in less steps, and
therefore the convergence speed also increased. This strat-
egy permits to this algorithm of being the fastest one, as it
could be seen in Table 3 where the CMA-ES outperforms
the results of the other two algorithms. There are three ex-
ception: Fasom, Perm and Schwefel 2.21 function. These
three functions share the feature of present wide plateaus
over the landscape with very few information, without this



information is very difficult to the CMA-ES to generate the
covariance matrix so the performance of the algorithm gets
worse.

Multimodal functions are those that contain many local
and global optima. Therefore, the difficulty of these func-
tions is usually measured by their number of local optima.
But, as can be seen in Fig. 5(a), it is hard to explain the be-
havior of the CMA-ES algorithm using this feature to char-
acterize function difficulty. Thus, we propose other types of
measures based on the theory of attraction basins proposed
by the authors in [7]. As the authors said in their work,
a multimodal landscape could be partitioned into N sub-
spaces each of them corresponding to an attraction basin.
An attraction basin is related to a local optima and, by def-
inition, is a subset of points of the search space such that
a local search starting at each of these points ends at the
local optima. The size and the distance between the at-
traction basins is an estimation of their distribution and the
multimodality of a n-dimensional landscape, it is very useful
when n > 2 and a graphical representation it is not possible.
An algorithm presented by the authors here [4] were applied
to estimate the attraction basins distribution of the multi-
modal functions subset. The results obtained and used in
this work to analyze the behavior of the three algorithms it
is shown in table 2. In this table, the size of attraction basin
of a local optima is measured as the frequency with which
a random point of the search space achieve a local optima
after apply over it a local search algorithm. The maximum
distance is measured from every local optima to the opti-
mum found by the attraction basins algorithm. Due to the
computational complexity of this method, these results are
an estimation obtained by analyzing 5-D fitness landscapes
of these functions.

Different EAs are affected by different features of the dis-
tribution of the attraction basins of a fitness landscape. For
example, fig. 5(b) exemplifies the fact that the performance
of the CMA-ES algorithm is closely related to the maxi-
mum distance between the optimum attraction basin and
all the attraction basins of the function. This behavior is
due to the highly exploitative strategy of the CMA-ES. In
functions where the attraction basins are spread over the
fitness landscape the algorithm should explore it in order
to achieve the optima attraction basin and, after reach it,
exploit it to reach the optimum. The CMA-ES does not ex-
plore the search space as well as the DE, as the results shows

Table 1: Mean path length to the optimum calcu-
lated over the unimodal function subset.

| Function | Path length |
Perm 1060.46
Schwefel 2.21 573.48
Colville 508.30
Schwefel 1.2 453.02
Schwefel 2.22 265.15
Axis Parallel 224.97
Zakharov 220.41
Sphere Model | 204.12
Matyas 188.31
SumOf 142.14
Step 126.60
Easom 24.40

Table 2: Main features of the multimodal function
set.

Function Attr. Basin Size Max.
Largest Optima | Distance
Aluffi-Pentini’s 8.60-10°1 | 8.60-10°* | 7.00-10™?
Becker and Lago | 1.00-10° | 1.00-10° | 0.00-10°
Bohachevsky 1 7.54.-1071 | 7.54.107* | 9.00-1073
Cosine Mixture 2.60-1072 | 2.60-1072 | 2.15-107!
Rastrigin 8.00-1072 | 8.00-1073 | 4.86-10~*
Schwefel 2.36:1071 | 2.96-107° | 9.20-107*
Ackley’s 1.00-107% | 1.00-10~2 | 5.00-107!
Griewank 1.00-1072 | 2.00-107* | 4.55-107!
Levy 5.77-1071 | 5.77-1071 | 2.61-1071
Penalized 1 1.28-107! | 1.28-107! | 1.13-107!
Penalized 2 1.74-107' | 1.74-107! | 5.00-1072
Beale 4.69-107! | 4.69-107! | 5.91.107!
Bohachevsky 2 5.35-107! | 5.35.107' | 9.00-1073
Dekkers & Aarts | 8.79-107! | 8.79-107! | 2.91.107!
Goldstein Price 5.03-1071 | 5.03-107' | 4.24.107!
Hartman 3 6.22.1071 | 6.22:.1071 | 4.66-107*
Hartman 6 6.25-1071 | 2.74-1071 | 4.50-107!
Kowalik 1.28-107! | 2.87-107* | 4.27-107!
Rosenbrock 3.76:1071 | 3.76-107* | 2.20-107*
Shekel Fam. 5 3.12:107' | 2.61-107' | 3.89-1071
Shekel Fam. 7 2.95.1071 | 2.95-1071 | 3.77-1071
Shekel Fam. 10 2.40-1071 | 2.40-107' | 3.81.107!
Shekel’s Foxholes | 6.70-1072 | 6.70-1072 | 4.87-107!
Six Hump 2.65-107% | 2.32.107! | 1.40-107!

in table 4 where the DE algorithm outperforms the results of
the CMA-ES on those functions where the attraction basins
are spread over all the search space (see table 2 to check the
maximum distance between attraction basins).

Another interesting feature to analyze in multimodal func-
tions is the size of the optimum attraction basin, the size of
the largest one and the relationship between them, i.e., if
those attraction basins are the same or not. According to
the size of the attraction basins, when it is smaller than a
10% of the search space, an exploration behavior is needed
to achieve the optimum one and after get it exploit it until
reach the optimum solution. For that reason, the DE out-
performs the behavior of the CMA-ES on those functions
with small optimum attraction basins. On the other hand,
when the optimum attraction basin is large enough to be
easily founded the CMA-ES results go beyond the DE re-
sults because of its exploitation capabilities. According to
the relationship between the largest and the optimum attrac-
tion basins, when the optimum attraction basin is not the
largest one a more explorative behavior is need. In this type
of functions, like Schwefel, Griewank, Hartman 6, Shekel
Family 5 or SixHump functions, the algorithms tend to the
largest attraction basins. The results of the CMA-ES con-
firms the fact that an exploitative behavior is not recom-
mended. With this type of strategy, it is easier to reach
the largest attraction basin than the optimum one. There
is an exception, that also confirms the importance of the
distance between attraction basins. SizHump function op-
timum attraction basin is smaller than the largest one but
the distance between them is short enough to “jump” from
one to the other and allowing the CMA-ES to obtain bet-
ter results than the DE. The opposite behavior occurs on



RCGA Results +
DE Results O
CPEM threshold -

Unimodal function set

/:? 10* T T T T T
S ]
° 10% | er E
8 +
0

2 107 | Q + E -
g +
= - +
a0
2
igf 1074 o —+ -
[}
- -6 [ O

0L e O ]
=
O 10—8 1 1 1 1 1

0 200 400 600 800 1000 1200

Longest path to the optimum (a.u.)

Figure 4: Results provided by the RCGA and DE algorithms over the unimodal functions subset characterized
by the length of the longest path to the optimum.

CMA 10D +
CMA 30D x
CMA Multimodality Set Results + CMA 50D
CPEM threshold - CPEM threshold ------------

Multimodal function set Multimodal function set

—
o
'S
4
—_
o
=

T T T T gé
+

10% N o 10% | % .

—_
es)
=)
T
+
1
—_
=)
=)
T
KK
1

1008 by
1 le+20 le+40 le+4-60

CPEM value, logarithmic scale (a.u.)
+
-+

CPEM value, logarithmic scale (a.u.)
*

0.0 02 04 06 08 1.0

Number of local optimum, logarithmic scale Distance between attraction basins (a.u.)

(a) CMA-ES behavior according to the number of local (b) CMA-ES behavior according to the maximum distance
optima. between attraction basins.

Figure 5: Results provided by the CMA-ES algorithm in the multimodality functions subset.

the other functions where the distance is large and the DE all the functions where the RCGA fails are Non-Separable,

outperforms the CMA-ES. so we can conclude that its poor performance is more related
Finally, the behavior of the RCGA over multimodal func- with the separability than with the modality.

tions is not related with the size of the attraction basins or Summarizing, as we have shown in this section more in-

the distance between them. Taking a look over the table 4 formation about the modality if the functions is needed in



order to characterize their behavior. This extra information
is need both in unimodal and multimodal functions. The
path length in unimodal functions in useful to determine the
difficulty of the functions, the longest the path the harder to
find the solution to an EA without a strategy which adjust
the mutation step automatically, like the RCGA implemen-
tation used here. About multimodal functions, the number
of optima does not give enough information, function with
a high number of them but not spread over the search space
(like Ackley’s functions) are easier to solve than function
with few local optima but widely spread over the landscape
(like Hartman6 or Shekel Family 5 functions). Moreover,
the behavior of the EAs is highly dependent on the size of
the attraction basins. Function where the optimum attrac-
tion basin is smaller are more difficult than those with very
wide optimum attraction basin, without taking into account
the number of them.

4. CONCLUSIONS

This paper emphasizes the need of a more in depth anal-
ysis of the fitness landscapes in the functions typically used
for benchmarking evolutionary algorithms with the objec-
tive of determining evolutionary algorithms with more pre-
cision what evolutionary algorithm is adequate (or is not
appropriate) for what kind of function. This more in depth
analysis is performed in this paper and information as the
type of separability, the path length to the optimum and
the size and distance between attraction basins is provided.
This information allows a higher degree of knowledge regard-
ing separability and modality, that are the most commonly
features used in EAs competitions benchmark sets. In or-
der to exemplify their usefulness, they have been applied to
study the behavior of three well-known EAs showing that
this deeper analysis allows to obtain reliable conclusions and
relations between the search strategy of the EAs and their
performance over different types of functions.
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